Abstract. This paper presents a static analysis of laminated composite doubly-curved shells using refined kinematic models with polynomial and non-polynomial functions recently introduced in the literature. To be specific, Maclaurin, trigonometric, exponential and zig-zag functions are employed. The employed refined models are based on the equivalent single layer theories. A simply supported shell is subjected to different mechanical loads, specifically: bi-sinusoidal, uniform, patch, hydrostatic pressure and point load. The governing equations are derived from the Principle of Virtual displacement and solved via Navier-Type closed form solutions. The results are compared with results from Layer-wise solutions and different higher order shear deformation theories available. It is shown that refined models with non-polynomial terms are able to accurately predict the through-thethickness displacement and stress distributions maintaining less computational effort compared to a Layer-wise models.
Introduction
Multilayered shell structures are employed in many engineering fields such as aerospace, naval and automotive due to their superior characteristics. Shells are curved structures which have excellent load-carrying capacity in comparison to plates. Moreover, composite materials provide several attractive properties as high strength, high stiffness-to-weight ratio, corrosion resistance, acoustic insulation and a remarkable fatigue life [1] . The use of composite structures lead the development of different computer codes to study the mechanical behavior for different laminations and geometries [2] . Consequently, reliable and efficient computational models for multilayered structures are still an interesting and important research topic.
Linear elastic thin shell theories have been formulated for over 70 years. Main contributions based on the classical shell theory (CST) were presented by: Timoshenko and Woinowsky-Krieger [3] , Flügge [4] , Leissa [5] , Gould [6] and Soedel [7] . Those contributions were based on the investigations developed by Love [8] . The CST shows inaccuracies for anisotropic and thick shells since it neglects the transverse shear and normal stresses. The First order shear deformation theory (FSDT) was proposed by Hildebrand et al. [9] in order to include the effect of transverse shear stress. As is well known, the FSDT depends on a shear correction factor, which is difficult to estimate for composite shells. Consequently, the Higher Order Shear Deformation theories (HSDTs) [10] [11] [12] [13] [14] [15] were reported on the literature. HSDTs include additional terms on the kinematic model in order to accurately predict the laminated composites displacements and stress distributions.
A generalization of HSDTs is the so-called Unified Formulations (UFs) [16] [17] [18] [19] . UFs allows writing arbitrarily and a large variety of 2D models, these are obtain by varying the order of expansion of the selected thickness functions. Investigations on HSDTs that include polynomial [20] [21] [22] [23] and non-polynomials [24] [25] [26] [27] [28] [29] [30] [31] functions have shown the full capacity of HSDT. However, for the search of refined shear deformation theoretical model, the fact that in some HSDTs the number and type of
Analytical Modelling of Composite Shells
The geometry and the coordinate system for a multilayered doubly-curved shell panel of "NL" layers is given in Figure 1 . The thickness of the panel is denoted as "h", the length as "a" and the width as "b". The coordinate system is considered as curvilinear, in which " "  and " "  are orthogonal. The radii of curvature " " R  and " " R  are considered as constant along the midsurface domain k  . The integer k denotes the number of layer number from the shell-bottom.
Carrera Unified Formulation for Shells
According to CUF the displacement field of the shell can be written as follows: are the displacement in term of axis ,   and z, respectively. The displacement variable is denoted as s u and its variation is described asu  . N represents the order of expansion in the thickness variation assumed for the displacement. The ESL approach described that a multilayered shell can be described only as a single lamina. One of the most common expansion used in literature are the Maclaurin polynomials [46] . The thickness expansions are defined as . In this context, several researchers [31, 32, [26] [27] [28] [29] had formulated different non-polynomial models based on CUF for plates and shells. The presented paper investigates the influence of different trigonometrical, exponential and zig zag shear strain shape functions in ESL models. The displacement field proposed for this paper is based on a selection of thickness functions proposed by Filippi et al. [27] which were used by Yarasca et al. [30] for employing Axiomatic/Asymptotic method and genetic algorithms for creating different Best Theory Diagrams (BTDs). The models proposed by Filippi et al. [27] and Yarasca et al. [30] are presented for plates, however this paper used this refined models in order to study the capabilities to the effect of the curvature. The complete displacement field is based on 17 thickness functions which are 5 Maclaurin functions, the zig-zag function and 8 trigonometrical terms and 4 exponential terms. The acronym used for this model is EDZ17. The expansion along  axis is denoted as: 
where h is the thickness of the shell. Refined models are defined as N hybrid refined models (N HRM), where the N notation is the number of the variables in the model. In this context, some hybrid refined models (N HRM) are reported in Table 1 . Layerwise (LW) approach described a multilayered shell layer by layer. The displacement field in term of LW approach [47, 48] is presented in what follows:
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The acronym for Layer-Wise approach is denoted as LDN, where L denoted Layer-wise approach, D stands for Principle of Virtual Displacement and N is the order of expansion.
Elastic stress-strain relations
The stress ( ) , ,
with the subscripted p represented the in-plane component and n referred to the out-plane component, the strain-displacement linear relationship is given by: 
where k H  and k H  are the metric coefficients which as denoted as follow: 
The calculation of the materials coefficients k ij C (see Refs. [45] and [46] ), which depends on young modulus 1 2 3 , , , E E E poisson coefficients 12 13 23 , , ,    shear modulus 12 13 23 , , G G G is reported as follows: 23 ; , 1, 2,3 
The Equation (12) can be expressed in a simplify format:
where
 and C are written in term of material coordinates. The stresses and material coefficients must be in written in terms of curvilinear coordinates and this is achieved by using the next rotation matrix: Figure 2 . By replacing Equations (15a) and (14) in Equation (15b) and (15c), the following relation is obtained:
The following notation can be adopted: Note that Equation (18) is simplified by using Equations (16) and (17), therefore the stresses and strains are written in term of shell coordinate:
According to Equations (9a-d), the stress components for a generic k layer are denoted as:
where 
Principle of virtual work
The governing equations are calculated via the Principle of Virtual Displacement (PVD), which states that:
where int L  is the virtual variation of the internal work and ext L  is the virtual variation of work created by external loading. The PVD for multilayered doubly-curved shell is presented as:
where k  and k A represents the integration domains in plane and the thickness direction, respectively. k p is the mechanical load applied at a certain k layer. Equations (15a-b) and (24a-b) are replaced into Equation (22):
The displacement field presented in Equation (2) is replaced in Equation (23):
The subscript z represents partial derivatives respect to z. The integration by parts is presented as follows:
By applicating the integration by part formulation (Equation (25)) into Equation (24), the boundary and internal governing equations are obtained:
where k s uu K  is the stiffness matrix of the fundamental nuclei, 
The equilibrium and compatibility equations are
Analytical Solution
The numerical results were obtained via the Navier closed-form solution for simply supported orthotropic panels. The following properties hold:
The displacement expressed as a summation of harmonics: 
where m and n are the number of waves and
U are related to the amplitudes of the Fourier series displacement.
External mechanical load
The transverse external mechanical load are also expressed in terms summation of harmonics:
The load coefficient are calculated as follows:
The coefficient must be adapted to be applied in different types of mechanical loadings. The loads considered are shown in Figure 3 .
Bi-Sinusoidal load
A simply supported shell panel subjected to a bi-sinusoidal load on the surface / 2 z h  acting on z direction is considered. The load are expressed as:
sin sin Fig. 3 . Doubly-curved panel shell subjected to different types of transverse mechanical loading (bi-sinusoidal, distributed uniform, patch, hydrostatic pressure and point load).
Uniformly distributed load
A simply supported shell panel subjected to a uniformly distributed load on the surface / 2 z h  acting on z direction is considered. The load coefficients are expressed as: 
Point load
A simply supported shell panel subjected to a concentrated load
  is considered. The load coefficients are expressed as:
Stress Recovery from 3D Elasticity Equilibrium Equations for 2D Shell Model
Static problems of doubly curved shells with constant radii of curvature are solved using a 2D theory with unknown variables at the mid-surface. This paper presents a simplified model of 3D elasticity theories with the assumptions of the displacement imposed by the displacement field presented in Equations (1). The presented refined models can capture the real behavior of shell structures for displacement and in-plane stresses. However, a refinement is need for transverse shear stresses and transverse normal stress. The 3D elasticity are valid for solving problems of shells with simply supported boundary conditions. The shear stresses and their derivatives are used for replacing into the 3D elasticity equations in order to calculate the out-plane stresses. The differential equations are solved analytically for the out-plane stresses, as follows: The presented constant must satisfy the zero shear strain condition at the bottom and the top of the shell structure and interlaminar continuity. The constant for the transverse normal stress and must satisfy interlaminar continuity and the boundary condition on the top. Some integrals presented in Equations (38a-c) could not be solved analytically, so an approximate solution using Taylor series is adopted. The equations (38a-c) are valid for doubly curved with constant radii of curvature; however for specific cases such as cylindrical panels and plates the presented strategy can be simplify by avoiding the corresponding radii of curvature.
Results and Discussions
In the present section, some results of the static analysis of composite doubly-curved shell panels are presented. The boundary conditions are considered as simply supported. The geometry data is considered as:
Different side-to-thickness (a/h) and curvature-radius-to-side (R/a) ratios are considered as parameters. The first case is related to a laminated doubly-curvature panel with the stacking sequence 0°/90°/0° subjected to different types of transverse loadings: bi-sinusoidal, distributed uniform, patch, hydrostatic and point loading. Some results are compared with different HSDTs [10-13, 38, 50, 52-54] available in the literature. The second case is a benchmark solution of two lamina, subjected to bi-sinusoidal loading. The original problem was presented by Demasi [18] for plates and it is used for the first time to doubly-curved panels in this paper. It should be taken into account that equilibrium equations is adopted for the 2D models in order to calculate of the transverse shear and normal stresses. The in-plane stresses are calculated directly for constitutive equations and out-plane stresses are calculated by the stress recovery procedure reported in Section 5.
5. 
In this paper, the transverse displacement z u and transverse normal stress zz  is evaluated at (0, 0, h/2). The results are presented with the following normalizations:
In all cases, the considered amplitude of the load z P is considered as 1 kPa. In the 2D shell model, the refined models are selected from the work of Yarasca et al. [30] . The extracted theories are the ones with the lowest percentage of error in the Pareto Fronts for a cross-ply 0°/90°/0° composite simply supported plate subjected to a bi-sinusoidal load at the top. The authors [30] demonstrated that in in refined models for 0°/90°/0° the trigonometric terms are more effective than the exponential ones. The principal objective of selecting this HRMs is to study the capabilities of such plate theories in holding the effect of the curvature and other type of transverse loadings such as: distributed uniform, patch, hydrostatic and point.
Bi-sinusoidal load
A shell subjected to bi-sinusoidal loading with 1 m n   and 1 z P kPa  applied at the top (see Figure 3) . Results on transverse displacement for thick panel ( / 5) a h  are reported in Table 2 . As the number of terms of the HRM increased, the error percentage is less compared with a three-dimensional numerical solution reported by Huang [10] . It is noted that the error for the hybrid model is less than 0.7% while the full polynomial model ED4 is around 5.44% for deep shells. The reported results for plates of HRM are around 0.40%. The results for transverse deformation and stresses for a moderate thick shell ( / 10) a h  and different curvature-radius-tosize ( / ) R a ratios are reported in Table 3 . In all cases, the normalized transverse displacements calculated with HRMs model present a lower numerical value than the ones calculated with LD4. The error is calculated from LD4 solution. In all cases for w , the error predicted by the HRMs are less than ED4. The results demonstrated that all the HRM presents almost the same accuracy. The error of transverse displacement tends to increase as the ratio ( / ) R a decrease. The error of the normal stress is less than 0.7% in all the curvature-radius-to-size ratios presented while ED4 is around 1.4%. Fig. 4 . Continued. Figure 5 shows the relation between the dimensionless w and the inverse of curvature-radius-to-size ( / ) a R ratio for a moderate thick shell / 10 a h  . The displacements are compared with other HSDTs available in the literature such as the sinusoidal shear deformation theory proposed by Ferreira et al. [52] , the third order shear deformation proposed by Reddy and Liu [12] , optimized HSDT proposed by Mantari et al. [13] , FSDT [12] , a modified third order shear deformation theory proposed by Thakur et al. [50] , the sinusoidal theory introduced by Touratier [53] and a higher order shear deformation theory which shear strain function combines exponential and trigonometric functions proposed by Mantari et al. [54] . This plot shows the interesting features of shells, i.e. it demonstrates that as the radius of curvature increase, the transverse displacement increase. It is important to remark that the integrals of the solution of the 3D elasticity equations are easily to compute when the thickness functions are Maclaurin polynomial expansions, due to this integrals can be solved analytically. However, it is quite difficult to deal with refined models having non-polynomial expansions, due that integrals of the 3D elasticity solutions do not have an analytical solution. So the non-polynomial functions are transform into Taylor series in order to calculate some approximate integrals for solving the 3D elasticity equations for out-plane stresses. Figure 2) . In order to approximate the load, an approximation of Navier series with 90 m n   in Equation 34 (see Ref. [12, 37] ). The results for moderate thick panels ( / 10) a h  are presented in Table 4 . It is denoted that for transverse displacement w , the error of ED4 is a maximum of 5.13% while HRM presented a maximum error of 0.04%. In term of normal stress   excellent agreements are obtained using the HRM with a maximum error of 0.18%. The results demonstrate that the HRM with 18 variables is the best model for evaluating the transverse shear stress z   . ED4 is the best models for predicting the normal stress zz  . Mantari et al. [13] FSDT [12] Mantari et al. [54] Fig. 7. Dimensionless transverse displacement w versus a/R ratio for 0°/90°/0°, a/h = 10, subjected to uniform distributed loading.
The calculated error for the transverse displacement of the HRM increase as the ratio a/R decreases. Figure 6 shows the distribution of dimensionless displacement w and stresses , , , Figure 7 shows the dimensionless transverse displacement versus a/R ratio. The results of HSDTs of Reddy and Liu [12] , Mantari et al. [13, 54] and FSDT [12] are included. The results of normalized transverse displacement of the presented displacement fields are higher than LD4. It is demonstrated that as a/R ratio increases, the transverse displacement decreases.
Patch loading
Moderate thick doubly-curved (a/h = 10) panel subjected to uniform patch loading are investigated (see Figure 2) . The area of the patch is described as the following: ( / 4 3 / 4, / 4 3 / 4) a a b b Figure 8 shows the convergence of transverse displacement w and transverse shear stress z   for a/R = 5. It is determined that to calculate stresses with four decimal precision, the Navier series parameters "m" and "n" are set equal to 90 (see Equation (29)). However for transverse displacements this parameters of the Navier series can be set as 30. Different results for stresses and displacements are presented in Table 5 considering a thickness ratio of / 10 a h  . In all the case of transverse displacement, the maximum error is around 4.98%, while HRM presented a maximum error of 0.14% considering the different R/a ratios. Good agreements are obtained for stresses  Fig. 9 . Dimensionless transverse displacement and stresses through the thickness distribution for 0°/90°/0°, / 10 a h  , / 5 R a  subjected to uniform patch loading. 
Hydrostatic loading
Moderately thick shell ( / 10) a h  subjected to a hydrostatic loading is investigated (see Figure 2) . The convergence for dimensionless transverse displacements and transverse shear stress z   is shown in Figure 10 . The trigonometrical terms are set as 90 m n   for the Navier trigonometrical series. It is demonstrated that HRM with 12 and 15 variables converges faster than HRM with 18 and 21 variables. Table 6 report the transverse displacement w and stresses , , Figure 11 shows the normalized stresses and transverse displacement for R/a = 5. HRM present a similar response to the static behavior predicted using LD4. It is demonstrated that the transverse displacement is higher for plate. Fig. 11 . Dimensionless displacement and stresses through the thickness distribution for 0°/90°/0°, / 10 a h  , / 5 R a  subjected to hydrostatic loading.
Point loading
Moderate thick panel (a/h = 10) subjected to centered point loading (see Figure 2) . The m and n parameters of Equation (29) are equal to 120, see previous works by Giunta et al. [37] , Mantari et al. [13] and Reddy and Liu [12] . For this example, the following non-dimensional form of displacement is adopted:
The numerical results of displacements are presented in Table 7 . The results are compared with HSDT by Mantari et al. [13] , Reddy and Liu [12] and FSDT [12] . The results demonstrate that the higher numerical values overall the a/R ratio are reported by the FSDT. Figure 12 shows the relation between non-dimensional transverse displacement and a/R ratio. It can be seen, that the deflection decreases as the ratio a/R increases. The distribution of transverse displacement w , normal stress ( ) Figure 12 . It is noted that the transverse displacement calculated with HRM presents certain discrepancy with respect to LD4. The graphs demonstrated that ED4 present a better static behavior for transverse displacement. As it is described in the paper of Giunta et al. [37] point load induced high gradients in the displacement fields on the shell's top. And this may be the reason why polynomials functions predict better the static behavior of shells under point load. All the solutions proposed in this paper, satisfy the zero shear stress for the transverse normal stress, however, the HRM with 18 variables cannot reproduce the thought-the-thickness behavior for this particular stress. The LD4 solution presented discrepancy and inaccuracy in the shell's top for normal stresses. The LD4 solution do not meet the condition of zero shear stress at the top of the shell for z   and z   , so a refinement using a stress recovery procedure using 3D elasticity equations could be used. However, this problem can be improved by adding more mathematical layers at the shell's top [37] . It is remarked that Point load verify the case dependent problem due to the strong discontinuity that has to be inserted in the structural model [51] . Future works will be focused on obtaining accuracy theories for the evaluation of stresses of plates subjected to point and line load. The HRM used for this example are: 16 HRM and 20 HRM (see Table 1 ). The following refined models were obtained with a similar methodology of previous work by Yarasca et al. [30] . It is demonstrated that for this case, the influence of trigonometrical, exponential and zig-zag combinations should be considered for obtaining good agreements. The presented results are compared with layerwise approach. Figure 13 presented the through thickness distributions for deep shells ( / 5) R a  for the transverse displacement z u and the stresses , , , 
Conclusions
This article presents the elastic bending problem solution of cross-ply doubly curved shells with constant curvature. Simply supported shells subjected to different types of mechanical loadings (bi-sinusoidal, uniform distributed, patch, hydrostatic and point load) are investigated. A two-dimensional hybrid refined models (HRMs) for shells, recently available in the literature is further studied in this manuscript. The HRMs are based in different combinations of trigonometric, exponential, zig-zag and Maclaurin polynomials thickness expansions. The governing equations are obtained using the Principle of Virtual Displacement and solved via Navier-closed form solutions. Transverse displacement w, normal stress   , transverse in-plane stress   , transverse shear stresses z   , z   and transverse normal stress zz  for different thickness ratios and curvature-radiusto-size are calculated. In general, this work investigates the capabilities of the HRMs for plates extended to shells subjected to different types of loading. The following conclusions are described:
(1) Trigonometric functions showed better results over exponential functions for 0°/90°/0° lamination.
(2) The used of exponential, trigonometric and zig-zag shear functions in the kinematic models are mandatory for the adequate simulation of complex laminations as the one proposed by Demasi. (3) It is concluded that for point loads, the static behavior of shells is better described with polynomial shear strain shape functions than with non-polynomial functions, due to the high gradients of the displacement fields on shell's top. (4) The best model in predicting the transverse normal stress zz  for uniform distributed, patch and hydrostatic load is ED4.
(5) The best HRM model strictly depends on the type of loading, the stress or displacement to be analyzed and the curvatureto-side ratio. So it is verified that the best HRM in predicting the stresses and displacements is a case dependent problem.
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